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Abstract: Polynomial time primality tests for specific classes of numbers of the form k · 2m ± 1
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1 Introduction
In 1856 Edouard Lucas developed primality test for Mersenne numbers . The test was improved
by Lucas in 1878 and Derrick Henry Lehmer in the 1930s , see [1] .In 1960 Kusta Inkeri provided
unconditional , deterministic , lucasian type primality test for Fermat numbers , see [2] .In 1969
Hans Riesel formulated primality test , see [3] for numbers of the form k · 2n − 1 with k odd and
k < 2n . In 2006 Zhi-Hong Sun provided general primality criterion for numbers of the form
k · 2m ± 1 ,see [4] . In this note I present lucasian type primality tests for specific classes of
k · 2m ± 1 .
Throughout this paper we use the following notations: Z-the set of integers , N-the set of
positive integers ,
(
a
p
)
-the Jacobi symbol , (m,n)-the greatest common divisor of m and n ,
Sn(x)-the sequence defined by S0(x) = x and Sk+1(x) = (Sk(x))2 − 2(k ≥ 0) .
2 Basic Lemmas and Theorems
Definition 2.1. For P,Q ∈ Z the Lucas sequence {Vn(P,Q)} is defined by
V0(P,Q) = 2, V1(P,Q) = P, Vn+1(P,Q) = PVn(P,Q)−QVn−1(P,Q)(n ≥ 1)
Let D = P 2 − 4Q . It is known that
Vn(P,Q) =
(
P+
√
D
2
)n
+
(
P−
√
D
2
)n
Lemma 2.1. Let P,Q ∈ Z and n ∈ N. Then
Vn(P,Q) =
[n/2]∑
r=0
n
n− r
(
n− r
r
)
P n−2r(−Q)r
1
Theorem 2.1. (Zhi-Hong Sun)
For m ∈ {2, 3, 4, ...} let p = k · 2m ± 1 with 0 < k < 2m and k odd . If b, c ∈ Z ,
(p, c) = 1 and
(
2c+b
p
)
=
(
2c−b
p
)
= −
(
c
p
)
then p is prime if and only if p | Sm−2(x), where
x = c−kVk(b, c
2) =
(k−1)/2∑
r=0
k
k − r
(
k − r
r
)
(−1)r(b/c)k−2r
For proof see Theorem 3.1 in [4] .
Lemma 2.2. Let n be odd positive number , then
(
−1
n
)
=


1, if n ≡ 1 (mod 4)
−1, if n ≡ 3 (mod 4)
Lemma 2.3. Let n be odd positive number , then
(
2
n
)
=


1, if n ≡ 1, 7 (mod 8)
−1, if n ≡ 3, 5 (mod 8)
Lemma 2.4. Let n be odd positive number , then
case 1. (n ≡ 1 (mod 4))
(
3
n
)
=


1 if n ≡ 1 (mod 3)
0 if n ≡ 0 (mod 3)
−1 if n ≡ 2 (mod 3)
case 2. (n ≡ 3 (mod 4))
(
3
n
)
=


1 if n ≡ 2 (mod 3)
0 if n ≡ 0 (mod 3)
−1 if n ≡ 1 (mod 3)
Proof. Since 3 ≡ 3 (mod 4) if we apply the law of quadratic reciprocity we have two cases .
If n ≡ 1 (mod 4) then
(
3
n
)
=
(
n
3
)
and the result follows . If n ≡ 3 (mod 4) then
(
3
n
)
= −
(
n
3
)
and the result follows .
Lemma 2.5. Let n be odd positive number , then
(
5
n
)
=


1 if n ≡ 1, 4 (mod 5)
0 if n ≡ 0 (mod 5)
−1 if n ≡ 2, 3 (mod 5)
Proof. Since 5 ≡ 1 (mod 4) if we apply the law of quadratic reciprocity we have
(
5
n
)
=
(
n
5
)
and the result follows .
Lemma 2.6. Let n be odd positive number , then
case 1. (n ≡ 1 (mod 4))
2
(
−3
n
)
=


1 if n ≡ 1, 11 (mod 12)
0 if n ≡ 3, 9 (mod 12)
−1 if n ≡ 5, 7 (mod 12)
case 2. (n ≡ 3 (mod 4))
(
−3
n
)
=


1 if n ≡ 5, 7 (mod 12)
0 if n ≡ 3, 9 (mod 12)
−1 if n ≡ 1, 11 (mod 12)
Proof.
(
−3
n
)
=
(
−1
n
) (
3
n
)
. Applying the law of quadratic reciprocity we have : if n ≡ 1
(mod 4) then
(
3
n
)
=
(
n
3
)
. If n ≡ 3 (mod 4) then
(
3
n
)
= −
(
n
3
)
. Applying the Chinese
remainder theorem in both cases several times we get the result .
Lemma 2.7. Let n be odd positive number , then
case 1. (n ≡ 1 (mod 4))
(
7
n
)
=


1 if n ≡ 1, 2, 4 (mod 7)
0 if n ≡ 0 (mod 7)
−1 if n ≡ 3, 5, 6 (mod 7)
case 2. (n ≡ 3 (mod 4))
(
7
n
)
=


1 if n ≡ 3, 5, 6 (mod 7)
0 if n ≡ 0 (mod 7)
−1 if n ≡ 1, 2, 4 (mod 7)
Proof. Since 7 ≡ 3 (mod 4) if we apply the law of quadratic reciprocity we have two cases .
If n ≡ 1 (mod 4) then
(
7
n
)
=
(
n
7
)
and the result follows . If n ≡ 3 (mod 4) then
(
7
n
)
= −
(
n
7
)
and the result follows .
Lemma 2.8. Let n be odd positive number , then
case 1. (n ≡ 1 (mod 4))
(
−6
n
)
=


1 if n ≡ 1, 5, 19, 23 (mod 24)
0 if n ≡ 3, 9, 15, 21 (mod 24)
−1 if n ≡ 7, 11, 13, 17 (mod 24)
case 2. (n ≡ 3 (mod 4))
(
−6
n
)
=


1 if n ≡ 7, 11, 13, 17 (mod 24)
0 if n ≡ 3, 9, 15, 21 (mod 24)
−1 if n ≡ 1, 5, 19, 23 (mod 24)
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Proof.
(
−6
n
)
=
(
−1
n
) (
2
n
) (
3
n
)
. Applying the law of quadratic reciprocity we have : if n ≡ 1
(mod 4) then
(
3
n
)
=
(
n
3
)
. If n ≡ 3 (mod 4) then
(
3
n
)
= −
(
n
3
)
. Applying the Chinese
remainder theorem in both cases several times we get the result .
Lemma 2.9. Let n be odd positive number , then
(
10
n
)
=


1 if n ≡ 1, 3, 9, 13, 27, 31, 37, 39 (mod 40)
0 if n ≡ 5, 15, 25, 35 (mod 40)
−1 if n ≡ 7, 11, 17, 19, 21, 23, 29, 33 (mod 40)
Proof.
(
10
n
)
=
(
2
n
) (
5
n
)
. Applying the law of quadratic reciprocity we have :
(
5
n
)
=
(
n
5
)
.
Applying the Chinese remainder theorem several times we get the result .
3 The Main Result
Theorem 3.1. Let N = k · 2m − 1 such that m > 2 , 3 | k , 0 < k < 2m and


k ≡ 1 (mod 10) with m ≡ 2, 3 (mod 4)
k ≡ 3 (mod 10) with m ≡ 0, 3 (mod 4)
k ≡ 7 (mod 10) with m ≡ 1, 2 (mod 4)
k ≡ 9 (mod 10) with m ≡ 0, 1 (mod 4)
Let b = 3 and S0(x) = Vk(b, 1) , thus
N is prime iff N | Sm−2(x)
Proof. Since N ≡ 3 (mod 4) and b = 3 from Lemma 2.2 we know that
(
2−b
N
)
= −1 .
Similarly , since N ≡ 2 (mod 5) or N ≡ 3 (mod 5) and b = 3 from Lemma 2.5 we know that(
2+b
N
)
= −1 . From Lemma 2.1 we know that Vk(b, 1) = x . Applying Theorem 2.1 in the case
c = 1 we get the result.
Theorem 3.2. Let N = k · 2m − 1 such that m > 2 , 3 | k , 0 < k < 2m and


k ≡ 3 (mod 42) with m ≡ 0, 2 (mod 3)
k ≡ 9 (mod 42) with m ≡ 0 (mod 3)
k ≡ 15 (mod 42) with m ≡ 1 (mod 3)
k ≡ 27 (mod 42) with m ≡ 1, 2 (mod 3)
k ≡ 33 (mod 42) with m ≡ 0, 1 (mod 3)
k ≡ 39 (mod 42) with m ≡ 2 (mod 3)
Let b = 5 and S0(x) = Vk(b, 1) , thus
N is prime iff N | Sm−2(x)
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Proof. Since N ≡ 3 (mod 4) and N ≡ 11 (mod 12) and b = 5 from Lemma 2.6 we know
that
(
2−b
N
)
= −1 . Similarly , since N ≡ 3 (mod 4) and N ≡ 1 (mod 7) or N ≡ 2 (mod 7) or
N ≡ 4 (mod 7) and b = 5 from Lemma 2.7 we know that
(
2+b
N
)
= −1 . From Lemma 2.1 we
know that Vk(b, 1) = x . Applying Theorem 2.1 in the case c = 1 we get the result.
Theorem 3.3. Let N = k · 2m + 1 such that m > 2 , 0 < k < 2m and

k ≡ 1 (mod 42) with m ≡ 2, 4 (mod 6)
k ≡ 5 (mod 42) with m ≡ 3 (mod 6)
k ≡ 11 (mod 42) with m ≡ 3, 5 (mod 6)
k ≡ 13 (mod 42) with m ≡ 4 (mod 6)
k ≡ 17 (mod 42) with m ≡ 5 (mod 6)
k ≡ 19 (mod 42) with m ≡ 0 (mod 6)
k ≡ 23 (mod 42) with m ≡ 1, 3 (mod 6)
k ≡ 25 (mod 42) with m ≡ 0, 2 (mod 6)
k ≡ 29 (mod 42) with m ≡ 1, 5 (mod 6)
k ≡ 31 (mod 42) with m ≡ 2 (mod 6)
k ≡ 37 (mod 42) with m ≡ 0, 4 (mod 6)
k ≡ 41 (mod 42) with m ≡ 1 (mod 6)
Let b = 5 and S0(x) = Vk(b, 1) , thus
N is prime iff N | Sm−2(x)
Proof. Since N ≡ 1 (mod 4) and N ≡ 5 (mod 12) and b = 5 from Lemma 2.6 we know
that
(
2−b
N
)
= −1 . Similarly , since N ≡ 1 (mod 4) and N ≡ 3 (mod 7) or N ≡ 5 (mod 7) or
N ≡ 6 (mod 7) and b = 5 from Lemma 2.7 we know that
(
2+b
N
)
= −1 . From Lemma 2.1 we
know that Vk(b, 1) = x . Applying Theorem 2.1 in the case c = 1 we get the result.
Theorem 3.4. Let N = k · 2m + 1 such that m > 2 , 0 < k < 2m and

k ≡ 1 (mod 6) and k ≡ 1, 7 (mod 10) with m ≡ 0 (mod 4)
k ≡ 5 (mod 6) and k ≡ 1, 3 (mod 10) with m ≡ 1 (mod 4)
k ≡ 1 (mod 6) and k ≡ 3, 9 (mod 10) with m ≡ 2 (mod 4)
k ≡ 5 (mod 6) and k ≡ 7, 9 (mod 10) with m ≡ 3 (mod 4)
Let b = 8 and S0(x) = Vk(b, 1) , thus
N is prime iff N | Sm−2(x)
Proof. Since N ≡ 1 (mod 4) and N ≡ 17 (mod 24) and b = 8 from Lemma 2.8 we know
that
(
2−b
N
)
= −1 . Similarly , since N ≡ 17 (mod 40) or N ≡ 33 (mod 40) and b = 8 from
Lemma 2.9 we know that
(
2+b
N
)
= −1 . From Lemma 2.1 we know that Vk(b, 1) = x . Applying
Theorem 2.1 in the case c = 1 we get the result.
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